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In this note, we explain the summary of the second microlocalization by Lebeau.
By applying the second microlocalization, we can observer the amplitude of the light
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\S 1 symplectic \S 2
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\S 3 2
(1) $\{\begin{array}{l}\square u=0\mathrm{i}\mathrm{n} \mathrm{R}\cross\Omega u|_{\mathrm{R}\cross\partial\Omega}=g\end{array}$
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(H.2) $\mathrm{R}^{3}\backslash \Omega$ strictly convex
.
$N=\mathrm{R}\cross\partial\Omega$ $\triangle_{\partial\Omega}$ : $\partial\Omega-\mathrm{h}\text{ }\mathrm{L}\mathrm{a}\mathrm{p}1\mathrm{a}\mathrm{c}\mathrm{i}\mathrm{a}\mathrm{n}_{\text{ }}$
$\sigma(\triangle_{\partial\Omega})$ : $\triangle_{\partial\Omega}$
$q\in C^{\infty}(T^{*}N, \mathrm{R})$ : $q(\tau, \beta)=-\tau^{2}-\sigma(\triangle_{\partial\Omega})(\beta)$ , $\tau\in \mathrm{R}$ ,
$\beta\in T^{*}(\partial\Omega)$
$\pi$ : $T^{*}N$ $N$
$\rho\in T^{*}N\backslash \mathrm{O}$ : $q(\rho)=0$ , $\pi(\rho)=(0, z),$ $z\in\partial\Omega$
$\gamma$ : $\gamma(s)=\exp sH_{q}(\rho)$ $T^{*}N$ ( )
$/\partial n$ : $\partial\Omega$
$m$ : $1\leq m<3$
$WF_{A}(*)$ :
$WF_{G}^{k}(*)$ : Gevrey $k$
1. (Lebeau [3] ) (H.1) (H.2) $0<s_{0}<s_{1}$ ,
$s_{1}$ $\omega_{0}\subset T^{*}N\backslash 0$ , $\rho\in\omega_{0},$ $\omega$ $WF_{A}(g)\subset\omega_{0},$ $u$
(1) outgoing . (i), (ii)
(i) $\gamma([s_{0}, s_{1}])\cap WF_{G}^{3}((\partial u/\partial n)|_{N})=\phi$ .
(ii) $\gamma([s_{0}, s_{1}])\cap WF_{G}^{m}((\partial u/\partial n)|_{N})=\phi$
$\gamma([s_{0}, s_{1}])\subset WF_{G}^{m}((\partial u/\partial n)|_{N})$
\S 1 Symplectic .
$W$ $\sigma$ $W\cross W$ $\mathrm{R}$
LL $\sigma$
$a\in W$ , $b\in W$ $\sigma(a, b)=0$ $a=0$
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L2. $\sigma$ $a,$ $b\in W$ $\sigma(a, b)=-\sigma(b, a)$
L3. $(W, \sigma)$ symplectic $\sigma$
$(W, \sigma)$ symplectic $W$ $A$
$A^{[perp]}=\{a\in W : \sigma(a, b)=0, \forall b\in A\}$
1.4. $A$ $W$
(i) $A$ $\Leftarrow A\subset A^{[perp]}$
(ii) A $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $A\supset A^{[perp]}$
(iii) $A$ lagrangian $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $A=A^{[perp]}$
(i) $A$ symplectic $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $\sigma|A$ $A$
$\sigma|_{A}$ $\sigma$ $A\cross A$
$N$ $\theta$ $N$ 2 ( 2 )
L5. $(N, \theta)$ symplectic (i), (ji)
(i) $a\in N$ $\theta_{a}$ $T_{a}N$
(ii) $d\theta=0$
$(N, \theta)$ symplectic $\Gamma$ $N$
L6. $\Gamma$ $N$ [ Lagrange, symplectic ]
$a\in N$ $T_{a}\Gamma$ symplectic $(T_{a}N, \theta_{a})$
[ lagrangian, symplectic ]
$N$ $\mathrm{R}^{n}$ $C^{\omega}(N, \mathrm{R}^{n})$ $N$
$\chi$ $\chi$ $\chi^{*}$
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L7. $\chi$ $N$ $\chi$ $\chi^{*}\theta=\theta$
$f\in C^{\omega}(N, \mathrm{R})$ $N$ $H_{f}$
$\langle df, *\rangle\tau*N\cross TN=\theta(*, Hf)$ $H_{f}$ $f$
Hamilton $H_{f}$ $f$
$f$ $H_{f}$ $f$
$f,$ $g\in C^{\omega}(N, \mathrm{R})$ $\{f, g\}=Hfg$ $\{f, g\}$ $f$ $g$
Poisson bracket
$\mathrm{L}\mathrm{L}$
(i) $\{f, g\}=-\{g, f\}$ , $\forall_{f},$ $g\in C^{\omega}(N, \mathrm{R})$
(ii) $\{\{f, g\}, h\}+\{\{g, h\}, f\}+\{\{h, f\}, g\}=0$ , $\forall f,$ $g,$ $h\in C^{\omega}(N, \mathrm{R})$
(iii) $[H_{f}, H_{g}]=H_{\{f,g\}}$ , $\forall f,$ $g\in C^{\omega}(N, \mathrm{R})$
L2. $V$ $N$ (i), (ii)
(i) $V$ $N$
(ii) $f,$ $g\in C$‘ $(N, \mathrm{R}),$ $f|v=g|v=0$ $\{f, g\}|_{V}=$
.
$0$
$\dim N=2n$ , $x\in C^{\omega}(N, \mathrm{R}^{n})$ , $\xi\in C^{\omega}(N, \mathrm{R}^{n})$
$(x, \xi)$ $N$
L8. $(x, \xi)$ $N$ $\theta=\sum_{k=1}^{n}$ $k\wedge dx_{k}$
$f\in C^{\omega}(N, \mathrm{R})$ , $(x, \xi)$ $N$ $H_{f}$ $(x, \xi)$
(1.1) $H_{f}= \sum_{k=1}^{n}(\frac{\partial f}{\partial\xi_{k}}\frac{\partial}{\partial x_{k}}-\frac{\partial f}{\partial x_{k}}\frac{\partial}{\partial\xi_{k}})$
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$H_{f}$ $\gamma$ $\gamma(t)\ovalbox{\tt\small REJECT}(x(t), \xi(t))$ $(x(t), \xi(t))$
(1.2) $\{\begin{array}{l}\dot{x}(t)=(_{\nabla\xi}f)(x(t),\xi(t))\dot{\xi}(t)=-(_{\nabla x}f)(x(t),\xi(t))\end{array}$
$\mathrm{A}l$ $G=T^{*}M$ , $\pi$ $G$ $M$ $G$
1 $\alpha$
$\langle\alpha, \varphi\rangle_{T_{\rho}^{*}G\cross T_{\rho}G}=\langle r, \pi_{*}\varphi\rangle_{T_{\kappa}^{\mathrm{r}}M\cross T_{\kappa}M}$
$\varphi\in T_{\rho}G$ , $\rho\in G$ , $\rho=(\kappa, r)$ , $\kappa=\pi(\rho)$ , $r\in$
$T_{\kappa}^{*}M$
$G$ 2 $\omega$ $\omega=d\alpha$
$\alpha$ $G$ 1 $\omega$ $G$ 2
$\dim M=n$ , $x\in C^{\omega}(M, \mathrm{R}^{n})$ $M$
$\kappa\in M$ $T_{\kappa}^{*}M=\langle dx_{1}, \ldots, dx_{n}\rangle$ $T_{\kappa}^{*}M$
$\{dx_{k}\}_{k=1}^{n}$ 1 $G$ $(x, \xi)$
$\alpha$ , $\omega$ $(x, \xi)$
(1.3) $\alpha=\sum_{k=1}^{n}\xi_{k}dx_{k}$ , $\omega=\sum_{k=1}^{n}d\xi_{k}\Lambda dx_{k}$
(1.3) $\omega$ $\omega=d\alpha$ $=0$
$(G, \omega)$ symplectic (1.3) $(x, \xi)$
$G$
$\varphi\in C^{\omega}(M, \mathrm{R})$ $M$ $G$ $j_{\varphi}$ $j_{\varphi}(x)=$
$(x, (d\varphi)_{x})$ , $x\in M$
L3.
(i) $j_{\varphi}$ $M$ $G$
(ii) $j_{\varphi}(M)$ $G$ Lagrange
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$M$ $\mathrm{R}^{n}$ $P$ $M$ $m$
(1.4)
$P= \sum_{|\beta|\leq m}a_{\beta}D^{\beta}$
$n\beta=$ $(\beta_{1}, \ldots , \beta_{n})$
$D^{\beta}=D_{1}^{\beta_{1}}$ . . .




$\rho=(y, \eta)\in M\cross \mathrm{R}^{\mathrm{n}}$
$\sigma(P)\in C^{\omega}(G, \mathrm{C})$ $\sigma(P)$
$M$ $G$ $P$ $M$
(1.6) $\sigma(P)(\rho)=i\langle r, P\rangle_{T_{\kappa}^{*}M}$ $T_{\kappa}M$
$\rho\in G$ , $\rho=(\kappa, r)$ , $\kappa=\pi(\rho)$ , $r\in T_{\kappa}^{*}M$
\S 2. \’Eclat\’e.
$M$ $G=T^{*}M$ , $\Gamma$ $G$
$G$ 2 $\omega$ $G$ $E$
$E=\{\gamma\in C^{\infty}(\mathrm{R}, G) : \gamma(0)\in\Gamma,\dot{\gamma}(0)\in(T\Gamma)^{[perp]}\}$
$\gamma_{1},$ $\gamma_{2}\in E$
2.1. \gamma 1\sim \gamma 2\Leftarrow \rightarrow (i) $-(iii)$
(i) $\gamma_{1}(0)=\gamma_{2}(0)$
(ii) $\forall f\in C^{\infty}(G, \mathrm{R})$ , $f|\mathrm{r}=0$ ,
$f\circ\gamma_{1}(s)-f\circ\gamma_{2}(s)=O(s^{2})$ , $sarrow 0$
(iii) $\forall f\in C$“ $(G, \mathrm{R})$ , $f|\mathrm{r}=0,$ $H_{f}|\mathrm{r}\in T\Gamma$ ,
$f\circ\gamma_{1}(s)-f\circ\gamma_{2}(s)=O(s^{3})$ , $sarrow 0$
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$\acute{\mathrm{x}}\ovalbox{\tt\small REJECT}\backslash 2.2.\overline{\Gamma}=E/\sim k^{m}\mathrm{x}\ovalbox{\tt\small REJECT}^{\backslash }\mathrm{T}$
$\mathrm{o}$
$\overline{\Gamma}k\Gamma\sigma$) \’Eclat\’e $kX\nu\xi_{\mathrm{Y}_{\mathrm{O}}}^{\backslash }\backslash$
$M=\mathrm{R}^{n},$ $n\geq 2,$ $\dim\Gamma=1$
2.3. $(x, \xi)$ $G$ $(x, \xi)$ $\Gamma$ $G$
$|b’|=1$ $b’\in \mathrm{R}^{n-1}$
$\Gamma=\{(x, \xi)\in G : x_{1}\in \mathrm{R}, x’=0, \xi_{1}=0, \xi’=b’\}$
$x=(x_{1}, x’)\in \mathrm{R}\cross \mathrm{R}^{n-1}$
$\Gamma$ $G$ $\Gamma$ $G$
$(x, \xi)$ $\gamma_{1},$ $\gamma_{2}\in E$






$y_{1}(\overline{\gamma})=(x_{1}\circ\gamma)(0)$ , $y_{k}(\overline{\gamma})=(d/ds)(x_{k}\circ\gamma)(s)|_{s=0}$ ,
$\eta_{1}(\overline{\gamma})=\frac{1}{2}(d/ds)^{2}(\xi_{1}\circ\gamma)(s)|_{s=0}$ ,
$\eta_{k}(\overline{\gamma})=(d/ds)(\xi_{k}\circ\gamma)(s)|_{s=0}$ ,
$1\leq k\leq n$ , $\overline{\gamma}\in\overline{\Gamma}$ , $\gamma\in E$ : $\overline{\gamma}$ ,
$y=(y_{1}, \ldots, y_{n})$ , $\eta=(\eta_{1}, \ldots, \eta_{n})$
2.2. $(y, \eta)$ $\overline{\Gamma}$ $\mathrm{R}^{2n}$
2.2 $(y, \eta)$ $\overline{\Gamma}$
$\Psi\in C^{\infty}(\mathrm{R}, TG)$ $\Psi(s)=(\gamma(s), v(s))$
$\gamma(s)\in G$ , $v(s)\in T_{\gamma(s)}G$
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2.4. (i), (ii) $\Psi\in C^{\infty}(\mathrm{R}, TG)$ $F$
(i) $\gamma\in E$ , $v(0)\in T\Gamma$
(ii) $\forall f\in C^{\infty}(G, \mathrm{R});f|_{\Gamma}=0$ , $H_{f}|\mathrm{r}\in T\Gamma$
$\langle(df)_{\gamma(s)}, v(s)\rangle_{T_{\gamma(s)}^{*}G\cross T_{\gamma(s)}G}=O(s^{2}),$ $sarrow \mathrm{O}$
2.5. $F$ $\mathrm{R}$ $\alpha 0$
$\alpha_{0}(\Psi)=\lim_{sarrow 0}\frac{1}{2s}\omega(\dot{\gamma}(s), v(s))$ , $\Psi\in F$ {
2.3. $\Psi\in F$ $\varphi\in C^{\infty}(\mathrm{R}_{s}\cross \mathrm{R}_{t} , G)$
$(i)-(iii)$
(i) $\varphi(s, 0)=\gamma(s)$ , $(\partial\varphi/\partial t)(s, t)|_{t=0}=v(s)$ , $\forall_{s\in \mathrm{R}}$
(ii) $\varphi(*, t)\underline{\in E,}$ $\forall t\in \mathrm{R}$
(iii) $[tarrow\varphi(*, t)]\in C^{\infty}(\mathrm{R},\overline{\Gamma})$
2.6. $F$ $T\overline{\Gamma}$ $h$ $h(\Psi)=\dot{\beta}(0)$ , $\Psi\in F$ , $\beta(t)=\varphi\overline{(*,t})$
$\varphi$ 23 $(\mathrm{j})-(iii)$ $C^{\infty}(\mathrm{R}_{s}\cross \mathrm{R}_{t}, G)$
2.4. $h$ $F$ $T\overline{\Gamma}$
2.5. $\Psi_{k}\in F$ , $k=1,2$ $h(\Psi_{1})=h(\Psi_{2})$ $\alpha_{0}(\Psi_{1})=$
$\alpha 0(\Psi_{2})$
2.7. $\overline{\Gamma}$ 1 $\tilde{\alpha}$ $\langle\overline{\alpha},\tilde{\Psi}\rangle_{T^{*}\overline{\Gamma}\cross T\tilde{\Gamma}}=\alpha_{0}(\Psi)$ , $h(\Psi)=\overline{\Psi}$













27 (ii) $(y, \eta)$ $\overline{\Gamma}$







2.9. $\overline{\gamma}\in\overline{\Gamma}$ , $\overline{\gamma}=(p, q)$ , $t>0$
$\overline{K_{t}}\overline{\gamma}=$ $(p_{1}, tp’ ; t^{2}q_{1}, tq’)$ $p=(p_{1}, p’)\in \mathrm{R}\cross \mathrm{R}^{n-1}$ ,




$\kappa\in\Gamma$ , $\theta\in T_{\kappa}^{*}\Gamma$
$q|\tau_{\kappa}\mathrm{r}=\theta$ $q\in T_{\kappa}^{*}G$ $(dg)_{\kappa}=q$
$g\in C^{\infty}(G, \mathrm{R})$
2.10. $\gamma\in E$ (i), (ii)
(i) $\gamma(0)=\kappa,\dot{\gamma}(0)=0$
(ii) $\forall f\in C^{\infty}(G, \mathrm{R}),$ $f|_{\Gamma}=0,$ $H_{f}|_{\Gamma}\in T\Gamma$ ,
$f \mathrm{o}\gamma(s)=\frac{1}{2}s^{2}\{f, g\}(\kappa)+O(s^{3}),$ $sarrow 0$
2.9. $\kappa\in\Gamma$ , $\theta\in T_{\kappa}^{*}\Gamma$ $j(\theta)=\overline{\gamma}$ $\gamma\in E$
2.10 (i), (ii) $\gamma$ , $\overline{\gamma}$ $\gamma\in E$
$\overline{\Gamma}$
T 1 $\alpha_{\Gamma}$ , 2 $\omega_{\Gamma}$
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2.11. $\backslash ,\lambda\mathrm{B}^{\grave{\grave{\mathrm{a}}}}\text{ ^{}\backslash }\gamma$) $[perp]|"’\supset\text{ }$
(i) $j$ $T^{*}\Gamma \text{ }\overline{\Gamma}$
(ii) $j^{*}\tilde{\alpha}=\alpha_{\Gamma}$
$(iii)j^{*}\tilde{\omega}=\omega_{\Gamma}$
$\mathrm{R}_{+}$ T $K$ $\text{ }$
2.12. $t>0$ $\overline{K}_{t}\mathrm{o}j=j\mathrm{o}K_{t^{2}}$
$j$




$\gamma(s)=\kappa$ , $\forall s\in \mathrm{R}$ $\gamma\in C^{\infty}(G, \mathrm{R})$ $\gamma\in E$




(i) $\iota$ $\Gamma$ $\overline{\Gamma}$
(ii) $j\circ \mathcal{O}=\iota$
2.10. $\tilde{\Gamma}$ $\Gamma$ $\overline{\pi}$ $\overline{\pi}(\overline{\gamma})=\gamma(0)$ , $\overline{\gamma}\in\overline{\Gamma}$






(i) $\overline{\pi}$ $\overline{\Gamma}$ $\Gamma$
(ii) $\overline{\pi}\circ\iota=id_{\Gamma}$
(iii) $\overline{\pi}\circ j=\pi_{\Gamma}$
$\kappa\in\Gamma$ $(\tilde{\Gamma})_{\kappa}\subset\tilde{\Gamma}$ $(\overline{\Gamma})_{\kappa}=\tilde{\pi}^{-1}\{\kappa\}$ $(\overline{\Gamma})_{\kappa}$ $\tilde{\Gamma}$





$\kappaarrow \mathrm{F}$ $t>0$ $K_{\mathrm{Z}}((\mathrm{F})\mapsto\ovalbox{\tt\small REJECT}(\mathrm{F})$.
$\ovalbox{\tt\small REJECT} i)$ $t>0$ $K\cdot(v)^{\ovalbox{\tt\small REJECT}}id_{t}(v)$










$\overline{\Gamma}\backslash \iota(\Gamma)$ $u$ 2
$WF_{A\Gamma}^{2}u$ 2
3.1.
(i) $WF_{A\Gamma}^{2}u$ $\overline{\Gamma}\backslash \iota(\Gamma)$
(ii) $t>0$ $WF_{A\Gamma}^{2}u$ $\overline{K_{t}}$
(iii) $\overline{\pi}(WF_{A\Gamma}^{2}u)=\Gamma\cap WF_{A}u$
3.2. $\rho\in\Gamma$ (i), (ii)
(j) $u$ $\rho$ r
(ii) $j(T_{\rho}^{*}\Gamma)\cap WF_{A\Gamma}^{2}u=\phi$
3.3. $\Gamma_{0}\subset\Gamma$ , $\Gamma_{0}$ $u$ $\Gamma_{0}$ F
$\Gamma_{0}\cap WF_{A}u=\phi$ $\Gamma_{0}\subset WF_{A}u$
$P$ $M$ $p=\sigma(P)$
Char $P=\{\rho\in T^{*}M\backslash \mathrm{O} : p(\rho)=0\}$




(ii) Ch $ar$ $P$ 1 $\alpha$ $dp$
$P$ $p=\sigma(P)$ $p$ $\Gamma$
$\Gamma$ $G$ $p|\mathrm{r}=0$ , $H_{p}|\mathrm{r}\in T\Gamma$
$\Gamma$ \’Eclate’ $\overline{\Gamma}$
3.4. $\overline{p}\in C^{\omega}(\overline{\Gamma}, \mathrm{R})$ $p$ 2.11




3.4 $P$ $\Gamma$ $P$ $\Gamma$
$Pu=0$ $j(T^{*}\Gamma)\cap WF_{A\Gamma}^{2}u=\phi$ 32 $u$ $\Gamma$
r 33 $\Gamma\cap WF_{A}u=\phi$






2 Lebeau[2, page 192 4. r
[2, page 194 ]
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